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Abstract
Electric drives control without shaft sensors has been an active research topic for almost three decades.
It consists of estimating the rotor speed and/or position from the currents and voltages measurement.
This paper deals with the observability conditions of electric drives in view of sensorless control. The
models of such systems are strongly nonlinear. For this reason, a local observability approach is applied
to analyze the deteriorated performance of sensorless drives in some operating conditions. The validity
of the observability conditions is confirmed by numerical simulations and experimental data, using an
extended Kalman filter as observer.
1 Introduction
Electrical machines (EMs) have been the driving horse of the contemporary industries for more than a
century [Tesla, 1888]. They found their application mainly in electric power generation, transport industry,
and motor-driven systems. More recently, electric drives have become a serious competitor with combustion
engines, and they are gaining more interest as Eco-friendly technologies are being sought worldwide.
At the beginning of the XXth century, most of today’s electrical machines had been already invented.
There exist broadly two EM families: direct-current machines (DCMs) and alternating current machines
(ACMs). Figure 1 shows a family tree of the most commonly used EMs. It shows 5 types of DCM, and 2
sub-families of ACM: synchronous machine (SM), where the rotor angular velocity is equal to the rotating
magnetic field one, and induction machine (IM), where the aforementioned angular velocities are slightly
different.
DC machines had dominated the industries of variable speed drives (VSD) for a while, due to their ease of
control. The use of AC machines in VSD has gradually emerged due to several theoretical contributions, such
as the two-reaction theory introduced by Park [Park, 1929,Stanley, 1938] and advances in control theory, with
some technological innovations, such as advances in power semiconductors and converters. Consequently,
new trends of AC VSD control techniques have appeared [Leonhard, 2001], such as, inter alia, the field
oriented control (FOC) [Blaschke, 1972] and the direct torque control (DTC) [Takahashi and Ohmori, 1989].
These new high-performance control techniques require, often, an accurate knowledge of the rotor angular
speed and position. These mechanical variables are traditionally measured using sensors, which yields
additional cost of sensors and their installation and reduces the system’s reliability and robustness. For
these reasons, sensorless1 control techniques have gained increasing attention recently [Vas, 1998]: they
consist of sensing the drive’s currents and voltages, and using them as inputs to an estimation algorithm
(software sensor), such as a state-observer, that estimates the desired variables (figure 2).
1Some engineers and researchers argue about the term sensorless, and propose other (reasonable) terms such as self-sensing,
or mechanical-sensorless, or encoder-less etc. In this paper, the term sensorless is adopted, since it has been used in some of
the most important references in the field, e.g. [Vas, 1998,Holtz, 2005].
1
ar
X
iv
:1
60
2.
04
46
8v
2 
 [m
ath
.D
S]
  2
3 F
eb
 20
16
DC AC
InductionSynchronous
Reluctance
Series Shunt
Electric Machines
Permanent
Magnet
Permanent
Magnet
Squierel
Cage
Wound
Rotor
Wound
Rotor
Seperatly
excited
Compound
Figure 1: Electrical machines family tree
After almost three decades of research and development in sensorless control, the literature today is rich
in a wide variety of estimation techniques [Holtz, 2005, Acarnley and Watson, 2006, Finch and Giaouris,
2008,Pacas, 2011]: there exist, for instance, model-reference-adaptive based [Schauder, 1992], Kalman filter
based [Bolognani et al., 2003, Barut et al., 2007], flux observer based [Boldea et al., 2009, Koteich et al.,
2013], back-electromotive force (EMF) observer based [Chen et al., 2000], sliding-mode based [Delpoux and
Floquet, 2014,Hamida et al., 2014], interconnected-adaptive-observer based [Traore et al., 2009,Ezzat et al.,
2011], and signal injection based [Jansen and Lorenz, 1995,Jebai et al., 2016] estimation techniques.
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Figure 2: Schematic of the general structure of sensorless control
1.1 State-of-the-art of electric drives observability
State-observers have been widely applied in electric drives control. Originally, the purpose was to estimate
unmeasurable states, such as rotor fluxes and currents in an induction machine. However, nowadays, state
observers are applied for different purposes (figure 3): mainly, for replacing some sensors like in sensorless
control, for sensors diagnosis and fault-tolerant control, and for parameter identification.
In this paper, only observer design in view of sensorless control is considered. Nevertheless, the results
are also valid for diagnosis and fault tolerant control. For studies on the observability of some machines
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parameters (called sometimes identifiability), the reader is referred to [Marino et al., 2010,Vaclavek et al.,
2013] for induction drives, and to [Hamida et al., 2014,Glumineau and de Leon Morales, 2015] for synchronous
drives.
One limitation of the use of observer-based sensorless techniques is the deteriorated performance in some
operating conditions: namely the zero- (and low-)speed operation in the case of synchronous machines (SMs),
and the low-stator-frequency in the case of induction machines (IMs). Usually, this problem is viewed as a
stability problem, and sometimes is treated based on experimental results. However, the real problem lies
in the observability conditions of the drive [Holtz, 2002].
AC machines are nonlinear systems, and their observability analysis is not an easy task. To the best of the
authors knowledge, the first paper where the observability of an AC machine was studied in view of sensorless
control is the paper by Holtz [Holtz, 1993]. In this paper, the study is based on the signal flow analysis of
the machine, and the observability of the IM is viewed as a limitation on the speed estimation at low input
frequencies. In 2000, the observability of the IM was studied in [de Wit et al., 2000] based on the local
weak observability theory [Hermann and Krener, 1977] for the first time. As a certain rank criterion is to be
verified in this approach, the observability conditions can be formulated with analytical equations that can be
examined in real time, which turns out to be extremely useful for practical implementation. One year later,
a paper by Zhu et al. [Zhu et al., 2001] studied the observability of non-salient (surface) permanent magnet
synchronous machine (SPMSM), using the same aforementioned observability approach. It is shown that
the only critical situation for the SPMSM is the standstill operating condition. Other papers that deal with
local weak observability conditions of both IM [Ghanes et al., 2006] and SPMSM [Ezzat et al., 2010,Zgorski
et al., 2012] were published later, resulting in the same observability conditions. Other approaches, such as
global observability [Ibarra-Rojas et al., 2004], differential algebraic observability [Li et al., 2006,Diao et al.,
2015] and energy-based observability analysis [Basic et al., 2010], were proposed, however the results are less
promising than those of local observability approach [Koteich et al., 2015a].
The observability of the interior (I) permanent magnet synchronous machine (PMSM) is studied in [Zaltni
et al., 2010,Vaclavek et al., 2013,Hamida et al., 2014], however, the results of these papers are inconsistent
with each other. Furthermore, some of these results are not correctly formulated [Koteich et al., 2015b].
This is due to the fact that the rotor saliency of the IPMSM yields a highly nonlinear model.
For the wound rotor synchronous machine (WRSM) and the synchronous reluctance machine (SyRM),
no observability studies were found in the literature [Koteich et al., 2015c].
1.2 Paper contribution
Based on the above literature review, the following paper presents several contributions. First of all, both
SM and IM are studied using the local observability theory. The SMs are studied using a unified approach,
where the WRSM is considered as the general case of SMs. This results in a unified observability conditions
formulation by introducing the observability vector concept for SMs. Thus, the observability conditions of
the IPMSM and the SyRM are presented, and the previous results for the SPMSM are found again. Based
on WRSM observability analysis, a high-frequency (HF) injection based technique is proposed, combined
with observer-based estimation, to guarantee the drive observability for all operating conditions. Numer-
ical simulations and experimental data analysis are carried out to prove the validity of the results. The
observability conditions for the IM are formulated in a way to include all previous literature results and are
validated via numerical simulations and based on experimental data.
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After this introduction, some preliminaries on observer design and observability analysis of dynamical
systems are recalled in section 2, and the DC machines observability analysis is presented as an introductory
example. The local observability of SMs and IMs is studied in sections 3 and 4 respectively, simulation and
experimental results are presented in sections 5 and 6 respectively.
Throughout this paper, AC machines’ models are expressed in stationary two-phase reference frame,
with conventional modeling assumptions (lossless non-saturated magnetic circuit, sinusoidally distributed
magneto-motive forces, constant resistances, etc.). The machines input, output and parameters are consid-
ered to be well known. Symbolic math software is used to perform complex calculation.
2 Observability analysis of dynamical systems
Nonlinear systems of the following general form (denoted Σ) are considered:
x˙ = f (x, u) (1a)
y = h (x) (1b)
where x ∈ Rn is the state vector, u ∈ Rm is the input vector (control signals), y ∈ Rp is the output vector
(measurement signals), f and h are C∞ functions. A linear time-invariant (LTI) system is a particular case
of Σ, it has the following form:
x˙ = Ax+Bu (2a)
y = Cx (2b)
where A, B and C are state, input and output matrices with appropriate dimensions.
A state observer is a model-based estimator that uses the measurement for correction; it reconstructs the
state x of the system from the knowledge of its input u and output y. The general form of an observer for
the system Σ is:
˙ˆx = f(xˆ, u) +K(.) [y − h(xˆ)] (3)
The matrix K, called observer gain, can be constant or time-varying. The first term f(xˆ, u) is the prediction
(or estimation) term, and the second one, K(.) [y − h(xˆ)], is the correction (or innovation) term. For LTI
systems, the matrix K is often constant:
˙ˆx = Axˆ+Bu+K (y −Cxˆ) (4)
Observability of the system Σ is an important property to be checked prior to observer design. It tells if
the state x can be estimated, unambiguously, from the system’s input/output signals.
2.1 Observer design for dynamical systems
As mentioned earlier, an observer is a replica of the system’s dynamical model, with a correction term
function of the output estimation error. Observer design for LTI systems is a mature domain. The state
estimation error x˜ = x− xˆ has the following dynamics:
˙˜x = (A−KC) x˜ (5)
If the system is observable, then the eigenvalues of the matrix A−KC can be arbitrarily placed in the
left-half complex plane, by tuning the observer gain K [Luenberger, 1964]. Therefore, the equilibrium point
x˜ = 0 is asymptotically stable.
Observer design for nonlinear systems is a more complicated task. Nonetheless, it is a common practice
to rely on the linearized model to design local observers for nonlinear systems [Khalil, 2015]: from equations
(1) and (3), we get the following estimation error dynamics:
˙˜x = f(x, u)− f(xˆ, u)−K(.) [h(x)− h(xˆ)] (6)
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The observer gain matrix K should be designed to stabilize the linearized system at x˜ = 0. The linearization
of the error dynamics (6) gives:
˙˜x =
[
∂f
∂x
(x, u)−K∂h
∂x
(x)
]
x˜ (7)
The observer gain K can be designed for a given equilibrium point x = xss (when u = uss), about which
the linearized system is described by:
A = ∂f
∂x
(xss, uss) ; C =
∂h
∂x
(xss) (8)
In this case, K is constant. However, the observer is guaranteed to work only if ‖x˜(0)‖ is sufficiently small
and x and u are close enough to their equilibrium values. Yet, the linearization can be taken about the
estimate xˆ, and the observer gain is therefore time varying. A well-know technique to efficiently calculate
the matrixK in real time is the Kalman filter algorithm [Kalman, 1960], in its deterministic extended version.
A sufficiently small initial estimation error ‖x˜(0)‖ is still required, but the state x and the input u can be any
well-defined trajectories that have no finite escape time [Khalil, 2015]. The discrete-time extended Kalman
filter (EKF) is widely used in industry applications, its algorithm is described in the figure 4. It can be
noticed that, for the EKF, only real-time local observability is required.
The matrices Q and R in the EKF algorithm are symmetric and positive definite. They are used for
tuning of the observer dynamics: higher values of Q coefficients with respect to R coefficients result in
faster (and more noisy) dynamics, whereas higher values of R coefficients relatively to Q coefficients result
in smoother, yet slower, observer dynamics. There exist no systematic method to calculate the coefficients
of Q and R, and trial-and-error method is often used. P0 is a symmetric and positive definite matrix that
affects the observer’s behavior only at the system start-up. It reflects the expected initial estimation error
covariance.
xˆ0,P0
xˆ0
Correction / Innovation
Observer Gain
Linearization
xˆk+1/k+1 = xˆk+1/k +Kk
(
yk − h(xˆk+1/k)
)
Pk+1/k+1 = Pk+1/k −KkCkPk+1/k
Kk = Pk+1/kC
T
k
(
CkPk+1/kC
T
k +R
)−1
;∂f(x,u)
∂x
∣∣∣∣
xˆk/k,uk
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∂h(x)
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xˆk+1/k = xˆk/k + Tsf
(
xˆk/k, uk
)
Pk+1/k = Pk/k + Ts
(
AkPk/k +Pk/kA
T
k
)
+Q
Figure 4: Discrete-time extended Kalman filter
2.2 Observability analysis
Let x0 and x1 be two distinct initial states of the system Σ at the time t0 (x0, x1 ∈ Rn).
Definition 2.1 (Indistinguishability) The pair (x0, x1) is said to be indistinguishable if, for any admis-
sible input u(t), the system outputs y0(t) and y1(t), respectively associated to x0 and x1, follow the same
trajectories from t0 to t (∀t > t0), i.e. starting from those two initial states, the system realizes the same
input-output map [Hermann and Krener, 1977].
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In the sequel, I(x0) denotes the set of indistinguishable points from x0.
Definition 2.2 (Observability) A dynamical system (1) is said to be observable at x0 if I(x0) = {x0}.
Furthermore, a system Σ is observable if it does not admit any indistinguishable pair of states.
Observability of linear systems can be verified by applying the Kalman criterion: an LTI system is
observable if and only if the following observability matrix is full rank:
Oy =
[
CT ATCT A2TCT . . . An−1TCT
]T
For nonlinear systems, the previous definition is rather global. For instance, when applying EKF, only
local short-time observability matters. Thus, distinguishing a state from its neighbors is quite enough.
Definition 2.3 (U-indistinguishability) Let U ⊂ Rn be a neighborhood of x0 and x1. x0 and x1 are said
to be U-indistinguishable if, for any admissible input u(t), they are indistinguishable when considering time
intervals for which trajectories remain in U. The set of states that are U-indistinguishable of x0 is denoted
IU(x0).
Definition 2.4 (Local observability) A system is locally observable (LO) at x0 if, for any neighborhood
U of x0, IU(x0) = {x0}. If this is true for any x0 the system is then locally observable.
Definition 2.5 (Local weak observability) A system (1) is said to be locally weakly observable (LWO)
if, for any x0, there exists a neighborhood V of x0 such that for any neighborhood U of x0 contained in V
(U ⊂ V) , there is no U-indistinguishable state from x0. Equivalently, a system is LWO if:
∀x0, ∃V, x0 ∈ V, ∀U ⊂ V, IU(x0) = {x0}
Roughly speaking, if one can instantaneously distinguish any state of a system from its neighbors, the
system is LWO.
Definition 2.6 (Observability rank condition) The system Σ is said to satisfy the observability rank
condition at x0, if the observability matrix, denoted by Oy(x), is full rank at x0. Oy(x) is given by:
Oy(x) = ∂
∂x
[L0fh(x)T Lfh(x)T L2fh(x)T . . . Ln−1f h(x)T ]Tx=x0
where Lkfh(x) is the kth-order Lie derivative of the function h with respect to the vector field f .
Theorem 2.7 ( [Hermann and Krener, 1977]) A system Σ satisfying the observability rank condition
at x0 is locally weakly observable at x0. More generally, a system Σ satisfying the observability rank condition,
for any x0, is LWO.
Remark 2.8 In the case of LTI systems, rank criterion is equivalent to Kalman criterion. However, locality
is meaningless for such systems.
Remark 2.9 Rank criterion gives only a sufficient observability condition for nonlinear systems.
2.3 Introductory example: DC machines
In order to introduce the reader to the observability theory application for sensorless electric drives, two DC
machines are studied at first: permanent magnet (PM-) DC machines, which has a linear model, and series
(S-) DCM which has a nonlinear model.
For both machines, the observability of the rotor speed Ω and the identifiability2 of the load torque Tl
will be studied. The only measurement is the armature current ia and the input voltage v is considered to
be known.
2We call identifiability the observability of (supposed) constant states.
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2.3.1 PM-DCM observability
The state-space model of a PM-DCM can be written as follows:
dia
dt
= 1
La
(v −Raia −Ke Ω)
dΩ
dt
= 1
J
(Ke ia − Tl)− fv
J
Ω
dTl
dt
= 0
It is a linear model, the application of Kalman criterion gives the following observability matrix:
OPMDCy =
 CCA
CA2
 =
 1 0 0−RaLa −KeLa 0
R2a
L2a
− K2eJLa KeLa
(
Ra
La
+ fvJ
)
Ke
JLa

The determinant of this matrix is:
∆PMDCy = −
K2e
JL2a
6= 0
Thus, the PM-DCM is observable as far as Ke, proportional to the field PM flux, is non-zero.
2.3.2 S-DCM observability
In an S-DCM, the field coil is connected in series with the armature. This results in the following S-DCM
nonlinear state-space model:
dia
dt
= 1
La + Lf
(v − (Ra +Rf )ia −KiaΩ)
dΩ
dt
= 1
J
(
Ki2a − Tl
)− fv
J
Ω
dTl
dt
= 0
The output and its derivatives are:
h(x) = ia
Lfh(x) = 1
L
(v −Ria −KΩia)
L2fh(x) = −
R+KΩ
L2
(v −Ria −KΩia)− Kia
JL
(
Ki2a − Tl − fvΩ
)
where L = La + Lf and R = Ra +Rf . The observability matrix can be the written as:
OSDCy =
 1 0 0− (R+KΩ)L −KiaL 0
(R+KΩ)2
L2 − K(3Ki
2
a−Tl)
JL −K(v−2ia(R+KΩ))L2 + KfviaJL KiaJL

It has the following determinant:
∆SDCy = −
K2
JL2
i2a
Therefore, the observability of an S-DCM cannot be guaranteed if the current ia is zero. Indeed, if the
current is null, the back-EMF is null too, and no information about the speed and the load torque can be
found in the voltage equation:
dia
dt
= 1
L
v
The previous results can be generalized for other DCMs: the DCM observability is not guaranteed in absence
of field magnetic flux.
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3 Observability analysis of synchronous machines
A synchronous machine (SM) is an AC machine. In motor operating mode, the stator is fed by a polyphase
voltage to generate a rotating magnetic field. Depending on the rotor structure, the rotating field interacts
with the rotor in different ways. There exist, broadly, three types of interaction between the stator magnetic
field and the rotor: 1) magnetic field interaction with electromagnet, which is the case of the WRSM, 2)
magnetic field with permanent magnet, in the case of the PMSM and 3) magnetic field with ferromagnetic
material, which is the case of SyRM, where the salient type rotor moves in a way to provide a minimum
reluctance magnetic path for the stator rotating field.
These types of interactions can be combined. For instance, a SyRM can be assisted with PMs in order to
increase its electromagnetic torque. Moreover, the rotor of a WRSM or a PMSM can be designed in a way
to create an anisotropic magnetic path (salient type rotors) to improve the machine performances. In this
paper, interior (I) PMSM stands for any brushless SM with a salient rotor having PMs. The salient type
WRSM is considered to be the most general SM, and it will be shown that the extension of the study of this
machine to the other SMs is not a real burden.
In sensorless synchronous drives, currents are measured, voltages are considered to be known, and rotor
position and angular speed are to be estimated. In this section, the observability of salient type WRSM is
studied, which results in the definition of a new concept, the observability vector, that unifies the observability
conditions formulation for SMs.
vsα
vsβ
vf
d
q
θ
α
β
Figure 5: Schematic representation of the WRSM in the αβ reference frame
3.1 WRSM model
In the view of observability analysis, it is preferred to express state variables in the reference frame where
measurement is performed. For this reason, the state-space model of the WRSM is written in the two-phase
(αβ) stationary reference frame for the stator currents (see Figure 5), and in the rotor reference frame (dq)
for the rotor current (if ). The speed dynamics are neglected for two reasons: 1) they are slower than the
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currents dynamics and 2) there is no slip phenomenon in the SM. This gives the following model:
dI
dt
= −L(θ)−1ReqI + L(θ)−1V (11a)
dω
dt
= 0 (11b)
dθ
dt
= ω (11c)
This model can be fitted to the structure (1), where the state, input and output vectors are respectively:
x =
[IT ω θ]T ; u = V = [vsα vsβ vf ]T ; y = I = [isα isβ if ]T
I and V are the machine current and voltage vectors. Indices α and β stand for stator signals, index f stands
for rotor (field) ones. ω stands for the electrical rotor angular speed and θ for the electrical angular position
of the rotor. L is the (position-dependent) matrix of inductances, and Req is the equivalent resistance matrix
that extends the resistance matrix R:
L =
L0 + L2 cos 2θ L2 sin 2θ Mf cos θL2 sin 2θ L0 − L2 cos 2θ Mf sin θ
Mf cos θ Mf sin θ Lf
 ; R =
Rs 0 00 Rs 0
0 0 Rf
 ; Req = R+ ∂L
∂θ
ω
3.2 WRSM observability
The system (11) is a 5-th order system. Its observability study requires the evaluation of the output deriva-
tives up to the 4-th order. In this study, only the first order derivatives are calculated, higher order ones are
very difficult to calculate and to deal with. This gives the following “partial” observability matrix:
OSMy =
[
I3 O3×1 O3×1
−L−1Req −L−1L′I L−1′LdIdt − L−1L′′ωI
]
(12)
where In is the n × n identity matrix and On×m is an n ×m zero matrix. L′ and L′′ denote, respectively,
the first and second partial derivatives of L with respect to θ.
It is sufficient to have five linearly independent lines of matrix (12) to ensure the local observability of the
system. The first five lines that come from the currents and the first derivatives of isα and isβ are studied.
This choice is motivated by the fact that the stator currents are available for measurement in all synchronous
machines, the rotor current (that gives the sixth line of matrix (12)) does not exist in the PMSM and the
SyRM. Another reason comes from the physics of the machine: if is a DC signal, whereas both isα and isβ
are AC signals, so it is more convenient for physical interpretation to take them together.
Currents are expressed in the rotor (dq) reference frame, using the following Park transformation, in order
to make the interpretation easier:[
isα
isβ
]
=
[
cos θ − sin θ
sin θ cos θ
] [
isd
isq
]
The determinant is written, in function of stator currents and fluxes, under the following general form:
∆WRSMy = DWRSMω +NWRSM (13)
where
DWRSM = 1
σdLdLq
[
(ψsd − Lqisd)2 + σ∆L2∆i2q
]
(14)
NWRSM = σ∆
σd
L∆
LdLq
[
dψsd
dt
isq +
dψsq
dt
isd −
(
disd
dt
ψsq +
disq
dt
ψsd
)]
(15)
with
Ld = L0 + L2 ; Lq = L0 − L2 ; L∆ = Ld − Lq = 2L2
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and:
σd = 1−
M2f
LdLf
; σ∆ = 1−
M2f
L∆Lf
(16)
Note that the stator fluxes can be expressed as follows:
ψsd = Ldisd +Mf if (17)
ψsq = Lqisq (18)
It is sufficient for the determinant (13) to be non-zero to guarantee the machine’s observability. This condition
is examined below for each type of synchronous machine.
3.3 Brushless SMs models and observability conditions
The brushless SMs can be seen as special cases of the salient-type WRSM. The IPMSM (Figure 6a) model
can be derived from the WRSM one by considering the rotor magnetic flux to be constant:
dψf
dt
= 0 (19)
and by substituting Mf if of the WRSM by the permanent magnet flux ψr of the IPMSM:
if =
ψr
Mf
(20)
The equations of SPMSM (Figure 6b) are the same as the IPMSM, except that the stator self-inductances
are constant and independent of the rotor position, that is:
L2 = 0 =⇒ Ld = Lq = L0 (21)
The SyRM (Figure 6c) model can be derived from the IPMSM model by considering the rotor magnetic
flux ψr to be zero:
ψr ≡ 0 (22)
Consequently, the determinant of the observability matrix of brushless synchronous machines can be
derived from the equations (13), (15) and (14) by substituting:
σd = σδ = 1
and for the SPMSM by substituting in addition:
L∆ = Ld − Lq = 0
This gives the following determinant for the IPMSM and SyRM,
∆IPMSMy = DIPMSMω +N IPMSM
where:
DIPMSM = 1
LdLq
[
(ψsd − Lqisd)2 + L2∆i2q
]
(23)
N IPMSM = L∆
LdLq
[
dψsd
dt
isq +
dψsq
dt
isd −
(
disd
dt
ψsq +
disq
dt
ψsd
)]
(24)
and for the SPMSM :
∆SPMSMy =
1
L20
[
(ψsd − L0isd)2
]
ω (25)
The observability of each machine is guaranteed as far as the determinant of its observability matrix is
different from zero.
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(a) IPMSM
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(c) SyRM
Figure 6: Schematic representation of (a) the IPMSM, (b) the SPMSM and (c) the SyRM
3.4 The concept of observability vector
In this paragraph, the concept of observability vector is introduced for SMs. This concept allows us to
formulate a unified observability condition, that can be tested in real time, for all sensorless synchronous
drives. The observability vector, ΨO, is defined as follows for the WRSM:
ΨOd = L∆isd +Mf if
ΨOq = σ∆L∆isq
Therefore, it can be expressed for the other SMs:
IPMSM : ΨOd = L∆isd + ψr ; ΨOq = L∆isq
SPMSM : ΨOd = ψr ; ΨOq = 0
SyRM : ΨOd = L∆isd ; ΨOq = L∆isq
The unified observability condition can be formulated as follows (figure 7):
Proposition 3.1 A synchronous machine is locally observable if the angular velocity of the observability
vector in the rotor reference frame is different from the electrical velocity of the rotor in the stationary
reference frame:
dθO
dt
6= ω
Proof After substituting the stator fluxes by their equations ψsd = Ldisd + Mf if and ψsq = Lqisq, the
determinant of the WRSM observability matrix can be expressed as follows:
∆WRSM = 1
σdLdLq
[
(L∆isd +Mf if )2 + σ∆L2∆i2sq
]
ω
+σ∆
σd
L∆
LdLq
[(
L∆
disd
dt
+Mf
dif
dt
)
isq − (L∆isd +Mf if ) disq
dt
]
(26)
The observability condition ∆WRSM 6= 0 is equivalent to:
ω 6=
(L∆isd +Mf if )σ∆L∆ disqdt −
(
L∆
disd
dt +Mf
dif
dt
)
σ∆L∆isq
(L∆isd +Mf if )2 + σ∆L2∆i2sq
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q
θ
Figure 7: Observability vector
The above equation can be rearranged to get the following one:
ω 6= (L∆isd +Mf if )
2 + σ2∆L2∆i2sq
(L∆isd +Mf if )2 + σ∆L2∆i2sq
×
(L∆isd +Mf if )σ∆L∆ disqdt −
(
L∆
disd
dt +Mf
dif
dt
)
σ∆L∆isq
(L∆isd +Mf if )2 + σ2∆L2∆i2sq
Then
ω 6= (L∆isd +Mf if )
2 + σ2∆L2∆i2sq
(L∆isd +Mf if )2 + σ∆L2∆i2sq
d
dt
(
arctan σ∆L∆isq
L∆isd +Mf if
)
(27)
Let ΨO be a vector having the following components in the dq reference frame:
ΨOd = L∆isd +Mf if
ΨOq = σ∆L∆isq
Let θO be the angle of this vector in the rotor reference frame, the observability condition can be then
written:
ω 6=
(
(L∆isd +Mf if )2 + σ2∆L2∆i2sq
(L∆isd +Mf if )2 + σ∆L2∆i2sq
)
dθO
dt
The following approximation is jugged to be reasonable3:
(L∆isd +Mf if )2 + σ2∆L2∆i2sq
(L∆isd +Mf if )2 + σ∆L2∆i2sq
≈ 1 (28)
Therefore, the WRSM is observable if the following equation holds:
ω 6= ωO (29)
where:
ωO =
d
dt
θO =
d
dt
arctan
(
σ∆L∆isq
L∆isd +Mf if
)
(30)
3Note that this approximation is valid for the WRSM at standstill where ω = 0. Moreover, it is reasonable for non zero
speeds. For brushless SMs, where σ∆ = 1, this approximation is an equality.
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The same reasoning applies, without approximation, to the other SMs where:
∆IPMSM = 1
LdLq
[
(L∆isd + ψr)2 + L2∆i2sq
]
ω + L∆
LdLq
[
L∆isq
disd
dt
− (L∆isd + ψr) disq
dt
]
(31)
∆SPMSM = ψ
2
r
L20
ω (32)
∆SyRM = L
2
∆
LdLq
[(
i2sd + i2sq
)
ω + disd
dt
isq − isd disq
dt
]
(33)
The figure 8 shows the observability vectors of these SMs. Further remarks on the PMSM observability
analysis can be found in [Koteich et al., 2015a,Koteich et al., 2015d].
α
β
ΨO
θO
d
q
Mf if
L∆isd
σ∆L∆isq
θ
(a) WRSM
α
β
ΨO
θO
d
q
ψr
L∆isd
L∆isq
θ
(b) IPMSM
α
β
d
q
ψr
θ
(c) SPMSM
α
β
ΨO
θO
d
q
L∆isd
L∆isq
θ
(d) SyRM
Figure 8: Observability vector of some synchronous machines
Remark 3.2 The expression of ∆WRSM (26) shows that WRSM can be observable at standstill if the cur-
rents isd, isq and if are not constant at the same time. IPMSM (31) and SyRM (33) can be also observable
at standstill. However, the observability of SPMSM at standstill cannot be guaranteed.
Remark 3.3 The d-axis component of the observability vector is nothing but the so-called active flux intro-
duced by [Boldea et al., 2008], which is, by definition, the generalization for all SMs of the flux that multiplies
the current isq in the torque equation of an SPMSM: Tm = pψrisq.
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Remark 3.4 For hybrid excited synchronous machines (HESM), where the wound rotor is assisted with
permanent magnets, it can be proved that the dq components of the observability vector are ΨOd = L∆isd +
Mf if + ψr and ΨOq = σ∆L∆isq.
The observability conditions formulation with the observability vector concept generalizes, and corrects,
some results on the observability of PMSMs [Vaclavek et al., 2013,Koteich et al., 2015b].
4 Observability analysis of induction machines
An induction machine is an AC machine. In motor operating mode, the stator is fed by a polyphase voltage
to generate a rotating magnetic field, and the rotor is short-circuited. The rotating magnetic field induces
currents in the rotor closed circuit, which, in turn, produces a rotor magnetic field. The rotor magnetic field
interacts with the stator one to produce a torque that tends to rotate the motor shaft.
This section deals with the local observability conditions of induction machines. The stator currents are
measured and the stator voltages are considered to be known. The observability of the IM is studied with
and without speed measurement. In the sequel, the speed is not considered to be constant, therefore the
resistant torque Tr, which includes the load torque and the frictions, is added to the estimated state vector,
and is considered to be slowly varying. This resistant torque has a critical impact on the rotor speed, due
to slip phenomenon.
4.1 IM model
The machine model is expressed in the two-phase stationary reference frame αsβs (figure 9), where the stator
currents are directly measured. The state and input vectors are the following:
x =
[ITs ΨTr ωe Tr]T ; u = Vs
Is, Ψr and Vs stand for the stator currents, rotor fluxes and stator voltages in αsβs coordinates:
Is =
[
isαs isβs
]T ; Ψr = [ψrαs ψrβs]T ; Vs = [vsαs vsβs]T
vsα
vsβ
αr
βr
θe
αs
βs
Figure 9: Schematic representation of the IM in the two-phase stationary reference frame
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Then, the state space model of the IM can be written as follows:
dIs
dt
= −Rσ
Lσ
Is + kr
Lσ
(
1
τr
I2 − ωeJ2
)
Ψr +
1
Lσ
Vs (34a)
dΨr
dt
= −
(
1
τr
I2 − ωeJ2
)
Ψr +
M
τr
Is (34b)
dωe
dt
= p
2
J
kr ITs J2Ψr −
p
J
Tr (34c)
dTr
dt
= 0 (34d)
where:
kr = M/Lr ; ks = M/Ls ; τr = Lr/Rr
σ = 1− krks ; Lσ = σLs ; Rσ = Rs + k2rRr
R, L and M stand respectively for the resistance, inductance and mutual inductance. The indices s and r
stand for stator and rotor parameters. p is the number of pole pairs, J is the inertia of the rotor with the
associated load and ωe is the electrical speed of the rotor. In is the n× n identity matrix, and J2 is the pi/2
rotation matrix:
J2 =
[
0 −1
1 0
]
In order to facilitate the equations manipulation, the following change of variables is made:
I˜s = LσIs (35)
Ψ˜r = krΨr (36)
The system (34) becomes:
dI˜s
dt
= Vs + aI˜s + γ(t)Ψ˜r (37a)
dΨ˜r
dt
= −γ(t)Ψ˜r − (a− b) I˜s (37b)
dωe
dt
= c
J
I˜Ts J2Ψ˜r −
p
J
Tr (37c)
dTr
dt
= 0 (37d)
with
a = −Rσ
Lσ
; b = −Rs
Lσ
; c = p
2
Lσ
; γ(t) =
(
1
τr
I2 − ωeJ2
)
; dγ
dt
= −dωe
dt
J2
This new scaled model (37) will be used for observability analysis below. It is a 6-th order model, the
local observability study requires the evaluation of derivatives up to the 5-th order of the output. However,
regarding the equations complexity, only the first and second order derivatives are evaluated for the IM.
Higher order derivatives of the output are too lengthy, and very difficult to deal with. As the observability
rank criterion provides sufficient conditions, information contained in the first and second order derivatives
is rich enough to study the IM observability.
4.2 IM observability with speed measurement
Rotor fluxes and load torque of induction machines cannot be easily measured. They are often estimated
using a state observer. In order to check the observability of these variables, the rotor speed is considered
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to be measured with the stator currents, and the stator voltages are considered to be known. The output
vector is the following:
y =
[
I˜Ts ωe
]T
The observability (sub-)matrix of the output and it first order derivative is:
OIMy1 =
∂
∂x
[
y
y˙
]
=

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
a 0 1τr ωe ψ˜rβs 0
0 a −ωe 1τr −ψ˜rαs 0
− cJ ψ˜rβs cJ ψ˜rαs cJ i˜sβs − cJ i˜sαs 0 − pJ

(38)
Its determinant is the following:
∆IMy1 = −
p
J
(
ω2e +
1
τ2r
)
(39)
We can then conclude that, for every stator voltages, currents and rotor speed and fluxes, the IM is observable
if the rotor speed and stator currents are measured. There is no need to evaluate higher order derivatives.
4.3 IM observability without speed measurement
In the context of sensorless control, only stator currents are measured, the output vector reads:
y = I˜s
The first order output derivative is:
y˙ = dI˜s
dt
= Vs + aI˜s + γ(t)Ψ˜r
Adding (37a) and (37b) gives:
dI˜s
dt
+ dΨ˜r
dt
= Vs + bI˜s
then:
dΨ˜r
dt
= Vs + bI˜s − dI˜s
dt
The second order derivative of the output can be then written as:
d2I˜s
dt2
= dV˜s
dt
+ adI˜s
dt
+ γ(t)dΨ˜r
dt
+ dγ
dt
Ψ˜r
= dVs
dt
+ adI˜s
dt
+ γ(t)Vs + γ(t)bI˜s − γ(t)dI˜s
dt
+ dγ
dt
Ψ˜r
= dVs
dt
+ γ(t)Vs + (aI2 − γ(t))dI˜s
dt
+ γ(t)bI˜s + dγ
dt
Ψ˜r
The observability study is done using the scaled output and its derivatives:
h(x) = I˜s
Lfh(x) = Vs + aI˜s + γ(t)Ψ˜r
L2fh(x) =
dVs
dt
+ aVs +
(
a2I2 − (a− b)γ(t)
) I˜s + (dγ
dt
+ aγ(t)− γ(t)2
)
Ψ˜r
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The IM observability (sub-)matrix, evaluated for these derivatives, can be written as:
OIMy2 =

1 0 0 0 0 0
0 1 0 0 0 0
a 0 1τr ωe ψ˜rβs 0
0 a −ωe 1τr −ψ˜rαs 0
d11 d12 e11 e12 f11 f12
d21 d22 e21 e22 f21 f22
 (40)
with:
d11 = a2 − a− b
τr
− c
J
ψ˜2rβs ; d12 = −(a− b)ωe +
c
J
ψ˜rαs ψ˜rβs
d21 = (a− b)ωe + c
J
ψ˜rαs ψ˜rβs ; d22 = a2 −
a− b
τr
− c
J
ψ˜2rαs
e11 =
a
τr
− 1
τ2r
+ ω2e +
c
J
i˜sβs ψ˜rβs ; e12 = aωe − 2
ωe
τr
+ dωe
dt
− c
J
i˜sαs ψ˜rβs
e21 = −aωe + 2ωe
τr
− dωe
dt
− c
J
i˜sβs ψ˜rαs ; e22 =
a
τr
− 1
τ2r
+ ω2e +
c
J
i˜sαs ψ˜rαs
f11 = 2ωeψ˜rαs − (a− b)˜isβs +
(
a− 2
τr
)
ψ˜rβs ; f12 = −
p
J
ψ˜rβs
f21 = 2ωeψ˜rβs + (a− b)˜isαs −
(
a+ 2
τr
)
ψ˜rαs ; f22 =
p
J
ψ˜rαs
The matrix OIMy2 (40) is a 6× 6 matrix, its determinant is the following:
∆IMy2 =
p
J
k2r
τ2r
[
τrω˙e
(
ψ2rαs + ψ
2
rβs
)− (1 + τ2r ω2e)(dψrαsdt ψrβs − dψrβsdt ψrαs
)]
(41)
It is sufficient that the value of ∆IMy2 is non-zero to guarantee the IM local observability. The expression (41)
suggests observability problems in the following two particular situations:
• ω˙e = 0: For constant rotor speed, to ensure observability, it is sufficient that the rotor fluxes are neither
constant nor linearly dependent, i.e. ψrαs 6= k.ψrβs , for all constant k.
• ψ˙rαs = ψ˙rβs = 0: If the rotor fluxes are slowly varying (constant), which usually corresponds to
low-frequency input voltages, observability can be guaranteed by varying the rotor speed.
Moreover, ∆IMy2 can be expressed as follows:
∆IMy2 =
p
J
k2r
τ2r
[
τrω˙eΨTr Ψr −
(
1 + τ2r ω2e
) (
ΨTr J2Ψ˙r
)]
Then, the condition ∆IMy2 = 0 implies:
τrω˙e
1 + τ2r ω2e
=
(
ΨTr Ψr
)−1 ΨTr J2Ψ˙r
which is equivalent to the following:
d
dt
arctan(τrωe) +
d
dt
arctan
(
ψrβ
ψrα
)
= 0
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Furthermore, we know that:
d
dt
arctan
(
ψrβ
ψrα
)
= d
dt
(∠Ψr) = ωs
where ∠Ψr is the angular position of the rotor flux vector, and ωs is the angular frequency of the rotating
magnetic field. The observability condition of the IM can then be formulated as:
d
dt
arctan(τrωe) + ωs 6= 0 (42)
The most important critical situation that can occur in practice is the low-frequency input voltage
(ωs = 0). Recall the well-known relation in IM:
ωs = ωe + ωr
where ωr is the angular frequency of the rotor currents. It can be written as:
ωr =
Rr
p
Tm
ψ2rds
where Tm is the motor torque and ψrds is the direct rotor flux on the rotor field-oriented reference frame.
Therefore, the condition ωs = 0 is equivalent to:
ωe = −ωr ⇔ ωe = −Rr
p
Tm
ψ2rds
(43)
This equation describes a line in the (ωr,Tm) plane (figure 10); it is located in the second and fourth
quadrants, that correspond to the machine operating in generator mode. By abuse of notation, this line will
be called "unobservability line", although one can only say that observability is not guaranteed along this
line.
ωe
Tm
Tm = −Kωe
Figure 10: Unobservability line of the IM in the (ωe, Tm) plane. K = p
ψ2rds
Rr
5 Simulation results
In this section, numerical simulations using Matlab/Simulink are carried out in order to examine the above
observability conditions, for both the WRSM and the IM. An extended Kalman filter is designed for this
purpose. As only the observability is concerned, the observer is operated in open loop to avoid system’s
stability issues. The simulation scenarios are chosen in a way to show the observer’s behavior in the critical
observability situations. The model parameters of the machines are given in the appendix A.
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5.1 WRSM
The following simulation scenario is considered for the WRSM: The machine’s shaft is driven by an external
mechanical system that forces the speed profile shown in the figure 11. The currents id and iq are calculated
using the real rotor position, and fed back to the current controller. Proportional-integral (PI) controllers
are designed for the currents to fit with the following set-points:
i#d = 2 A ; i
#
q = 15 A ; i
#
f = 4 A
The EKF tuning matrices are taken as follows:
Q =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 200 0
0 0 0 0 5
 ; R =
1 0 00 1 0
0 0 1

The aim is to examine the observer behavior at standstill, for both fixed and moving observability vector
situations. For this reason, a high frequency current is superimposed to the rotor current if during the time
intervals [1 s; 1.5 s] and [4.5 s; 5 s]; the HF signal is added to the if set-point as follows:
i#f = if0 + ifHF = If0 + IfHF sinωHF t
where
If0 = 4 A ; IfHF = 0.5 A ; ωHF = 2pi.103 rd/s
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Figure 11: Rotor speed profile of the WRSM
The position estimation is shown on the figure 12: at standstill, the EKF does not converge to the correct
position until the HF current is injected. For nonzero speeds, there is no position estimation problem. The
speed estimation error is shown on the figure 13: the error slightly increases with the HF injection, but it
remains reasonable. The angular velocity of the observability vector is shown on the figure 14 for the time
interval [0 s; 1.5 s]. It can be seen that this velocity is different from zero when the HF signal is injected,
this proves that the simulation results are consistent with the observability analysis results of Section 3; the
observer converges to the real position when the observability vector angular velocity is different from the
rotor speed (in this case zero speed).
5.2 IM
The following simulation scenario is considered for the IM: the machine is operating in open loop. The
applied stator voltages are shown in the figure 15 in the two-phase stationary reference frame. A load
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torque profile, shown in the figure 17, in applied to the machine’s rotor. The resulting rotor speed profile
and rotor fluxes of the machine are presented, respectively, in figures 16 and 18. This scenario allows us
to analyze the IM observability for zero angular frequency ωs. An EKF in designed to examine the IM
observability in two cases: with and without rotor speed measurement. It is expected that the observer
converges from the beginning when the speed is measured. The aim is to monitor the observer’s behavior
for zero-stator-frequency when the rotor speed is not measured.
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Figure 12: Rotor position estimation of the WRSM
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Figure 13: Rotor speed estimation error of the WRSM
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Figure 14: Angular velocity of the observability vector of the WRSM
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In order to make the comparison easier, the same matrix Q is taken for both cases:
Q =

100 0 0 0 0 0
0 100 0 0 0 0
0 0 0.1 0 0 0
0 0 0 0.1 0 0
0 0 0 0 105 0
0 0 0 0 0 104

and the matrix R used in the case where the rotor speed is measured is:
R = 100 I3
When the speed is not measured, the matrix R is the following:
R = 100 I2
The following initial conditions are introduced in the observer:
xˆ(0) =
[
0 A 0 A −0.02 Wb −0.02 Wb 50 rd/s 5 N.m]T
P(0) = 0.1 I6
The rotor fluxes estimation is shown in figure 19a and 19b for ψrα and ψrβ respectively. And the rotor
speed and load torque estimation are shown in figure 16 and 17 respectively4. As expected, the observer
converges for the whole scenario with rotor speed measurement. On the other hand, when the rotor speed
is not measured, the fluxes, speed and torque are not correctly estimated if ωs is null.
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Figure 15: Input voltage of the IM
6 Experimental results
In this section, the observability conditions are checked on an experimental scenario. We recall that the
observer is operated in open-loop, in order to distinguish observability issues from stability issues. Further-
more, the observer fine tuning is beyond the scope of this paper. The machines parameters are the same as
those used in simulation with some uncertainty; they are given in the appendix A. The experimental data
are taken from an experimental set-up of Renault and are treated using the Matlab/Simulink environment.
4Note that it is not important to show the speed estimation when it is measured.
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6.1 WRSM
The experimental scenario for the WRSM is the following: the measured currents of the WRSM are given
on the figure 20 in the dq reference frame, using the measured position. The speed profile used to drive the
machine’s shaft is illustrated in the figure 21. This scenario enables us to check the observability conditions
at standstill.
The Kalman tuning matrices are chosen as follows:
Q =

1010 0 0 0 0
0 1010 0 0 0
0 0 0.02 0 0
0 0 0 2 0
0 0 0 0 10−8
 ; R =
108 0 00 108 0
0 0 1

The sampling period is Ts = 10−4s.
Figure 21 shows the measured speed against the estimated one. The position estimation is shown on the
figure 22, and the position estimation error on the figure 23. The difference between angular velocities of
the rotor and the observability vector, which is the image of the determinant of the observability matrix, is
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Figure 16: Rotor speed estimation of the IM
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22
shown on the figure 24. In order to analyze the standstill operating condition, the figures 25a, 25b and 25c
show, respectively, the rotor speed estimation error, the rotor position estimation error and the difference
between the angular velocities of the rotor and the observability vector, for the time interval [5 s,7 s]: it
can be seen that the position estimation error dynamics follows the relative angular velocity of the rotor
and the observability vector, and that when the determinant is zero the position estimation error is different
from zero (see instant 6 s), whereas the speed estimation error is zero. This is consistent with our previous
conclusions.
As a conclusion, the observability vector concept seems to be a useful tool for analyzing the performance
of sensorless synchronous drives.
6.2 IM
The experimental scenario for the IM is the following: the stator voltages are shown on the figure 26 in the
two-phase stationary reference frame, and the rotor speed profile is shown on the figure 29. In the sequel,
the study is focused on the time interval [5 s; 15 s]. Two EKF filters are designed for observability study
with and without speed measurement. The Q matrix is the same in both cases:
Q =

105 0 0 0 0 0
0 105 0 0 0 0
0 0 10−3 0 0 0
0 0 0 10−3 0 0
0 0 0 0 104 0
0 0 0 0 0 104

When the speed is measured (output vector dimension equals 3), the R matrix is tuned to:
R =
1010 0 00 1010 0
0 0 105

whereas without speed measurement, R is:
R = 1010 I2
The sampling time is Ts = 5× 10−5s.
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Figure 18: Rotor fluxes of the IM
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In the absence of torque and flux measurement, it will considered that the observer having speed mea-
surement as input converges to the correct value in steady-state. The estimated rotor fluxes are shown on
the figures 27a for ψˆrα and 27b for ψˆrβ : at standstill (ωe = 0), with zero stator frequency (ωs = 0), the
estimated flux without speed measurement is different from that estimated with speed measurement. The
same observation is noticed for the load torque, shown on the figure 28, and the rotor speed shown on the
figure 29. However, for non-zero speed and stator frequency, the estimated states without speed measure-
ment converge to those with speed measurement. Therefore, both simulation and experimental results are
in coherence with the observability study of Section 4.
7 Conclusions
The local observability of electric drives in view of sensorless control has been studied throughout this paper.
The study shows that the observability is not guaranteed in some operating conditions, such as standstill
operation for the synchronous machines, and low-frequency input voltages for the induction machines.
One interesting feature of the observability approach applied in this paper is the physically insightful
analytic formulation of observability conditions, thanks to the rank criterion. These conditions can be easily
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Figure 19: Rotor flux estimation of the IM
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Figure 20: WRSM currents in the dq coordinates
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Figure 21: Rotor speed estimation of the WRSM
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Figure 22: Rotor position estimation of the WRSM
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interpreted and tested in real time. Furthermore, the study resulted in the definition of two concepts: the
observability vector for the SMs and the unobservability line for the IMs. The validity of the observability
conditions is confirmed by numerical simulations and experimental data, using an extended Kalman observer.
Finally, the following conclusions on electric drives observability have been drawn:
• The observability of DC machines is guaranteed if the field flux is not zero.
• The observability of SMs is guaranteed if the angular velocity of the observability vector in the rotor
reference frame is different from the angular velocity of the rotor.
• The observability of IM is guaranteed if the stator voltage frequency is not zero.
Several solutions are proposed in the literature to recover the observability in the critical situations,
based on the existing observability conditions [Zgorski et al., 2012,Lefebvre et al., 2015]. We believe that the
new results presented in this paper are so useful for engineers and researchers seeking better understanding
of sensorless drives performance. For instance, based on the observability analysis of the wound rotor
synchronous machine, we proposed a technique that consists of superimposing a high-frequency current
with the rotor current at standstill in order to improve the observer performance. Other techniques can be
investigated for different machines.
A Machines parameters
The WRSM parameters are the following:
Rs = 0.01 Ω ; Ld = 0.8 mH ; Lq = 0.7 mH; (44)
Rf = 6.5 Ω ; Lf = 850 mH ; Mf = 5.7 mH (45)
J = 10−2kg.m2 ; p = 2 (46)
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Figure 23: Rotor position estimation error of the WRSM
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Figure 24: Difference between the WRSM rotor angular velocity and the observability vector one
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The IM parameters are the following:
Rs = 2.8 mΩ ; Ls = 9.865× 10−5 H (47)
Rr = 1.5 mΩ ; Lr = 1.033× 10−4 H (48)
M = 9.395× 10−5 H ; p = 4 (49)
J = 10−2kg.m2 ; fv = 10−4 N.m.s.rad−1 (50)
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